AMENABILITY PROPERTIES OF THE CENTRES OF 
GROUP ALGEBRAS 



AHMADREZA AZIMIFARD, EBRAHIM SAMEI AND NICO SPRONK 

Abstract. Let G be a locally compact group, and ZL^(G) be the centre 
of its group algebra. We show that when G is compact ZL'^(G) is not 
amenable when G is either nonabelian and connected, or is a product 
of infinitely many finite nonabelian groups. We also, study, for some 
non-compact groups G, some conditions which imply amenability and 
hyper- Tauberian property, for ZL^(G). 

I 

Let G be a locally compact group and L^(G) denote the group algebra, i.e. 
the subalgebra of the measure algebra M(G) consisting of measures which 
are absolutely continuous with respect to the left Haar measure. We let 

7A}{G) = {/ e 1}{G) : /*5 = 5*/ for all g G l}{G)} 

be the centre of L^(G). Our goal is to study amenability and weak amenabil- 
ity for ZLi(G). 

We show that when G is compact, ZL^(G) is generally not amenable. In 
fact, it fails to be amenable whenever G is either non-abelian and connected 
(Section II. 4p . or when G is a product of infinitely many non-abelian finite 
groups (Section ll.Sp . These results make substantial use of some discoveries 
from the intensive study of central idempotent measures on compact groups 
of D. Rider [2lj. It is mentioned in [26] that it is known to B. E. Johnson 
that ZL^(G) fails to be amenable for some compact group G. However no 
further information is provided. Our results, and techniques therein, lead 
us towards the following. 

Conjecture 0.1. If G is compact, then ZL"'^(G) is amenable if and only if 
G admits an open abelian subgroup. 

We note that by [19j, G admits an open abelian subgroup if and only if the 
set of degrees of its irreducible representations is bounded. We address the 
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above conjecture with an illustrative example (Section ll.6p . As a comple- 
ment to many of the methods used in the prior sections, we illustrate two 
examples using hypergroup techniques (Section ll.7p . 

We close the article with a study of some non-compact groups. We use 
results of R.D. Mosak and J. Liukkonen [20l HSj [21] extensively. When the 
commutator of G with the open subgroup, which supports all elements of 
ZL^(G), is finite, then ZL^(G) is amenable (Section 12. 2p . When G has rela- 
tively compact conjugacy classes, then ZL^(G) is hyper- Tauberian (Section 
2.3p . We outline the basic theory of hyper- Tauberian algebras, below. 



0.1. Amenability. If ^ is a Banach algebra, we let A® A denote the pro- 
jective tensor product of A with itself. Following B. E. Johnson [H], we 
say A is amenable if it admits a hounded approximate diagonal (b.a.d.): a 
bounded net (^q) C A® A which satisfies 

m{fia)a, am{^a) a and a-fia — fJ-a-a 

for a in A, where m : Af^^A A is the multiplication map, and the module 
actions of A on A® A are given on elementary tensors by a- (6 c) = (ab) 
c and (6(E>c)-a = 6® (ca). As shown in [14], amenability is equivalent to the 
existence of a virtual diagonal: an element M in (A<SiA)** such that 

a-M = M-a and am**{M) = m**{M)a = a 

for a in A, where the module actions of A on (^0^)** and A**, are the 
second adjoints of the module actions of A on Ai^A and A, respectively, 
and m** is the second adjoint of the multiplication map. 

We can quantify amenability via the amenability constant, which was 
defined in [15]. Let 

AM(^) = inf < sup WfJ-aW '■ ifJ-a) is a b.a.d. for A 

[ a 

where we allow the infemum of an empty set be oo. 

The above definition is equivalent to a cohomological one: A is amenable 
if every derivation into a dual Banach ^-bimodule is inner; see [13] for 
more on this. We say A is weakly amenable if every bounded derivation 
into A* is inner. If A is commutative, this is equivalent to having every 
bounded derivation into any symmetric bimodule be inner; see [2]. We 
will not directly conduct any computations with derivations. We note the 
important fact that L^(G) is amenable exactly when G is an amenable group 

m. 



0.2. The hyper- Tauberian property. Let „4 be a commutative semisim- 
ple Banach algebra. Suppose A is regular on its spectrum X; we regard A 
as an algebra of functions on X. If G .4* we define 

_ r for every neighbourhood U of x there is /I 

snppcp - |x e ^ : -j^ ^ ^^^^ ^YiSit supp/ C U and ^(/) / / ' 
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A linear operator T : A ^ A* is said to be local if 



suppT/ C supp/ 



for every / in A. We say A is hyper- Tauberian if every bounded local op- 
erator T : ^ ^ ^* is an ^-module map. This concept was developed by 
the second named author ^25j to study the reflexivity of the (completely 
bounded) derivation space of A. However, it has nice applications to weak 
amenability and spectral synthesis problems, which we summarise. 

Theorem 0.2. If A is hyper- Tauberian then 

(i) A is weakly amenable; 

(ii) finite subsets of X are sets of spectral synthesis; and 

(iii) if A(^A is semi-simple, then {{XiX) '■ X ^ is a set of local syn- 
thesis for that algebra, and hence is a set of spectral synthesis when A has 
a bounded approximate identity. 

See |25] Theorem 5, Corollary 8 and Theorem 6, for the proof. 




1.1. Notation. In this section we let G denote a compact group. Let G 
denote the set of equivalence classes of irreducible representations of G. By 
standard abuse of notation, we will use G to denote a set or representatives, 
one from each equivalence class. We let d-,^ denote the dimension of vr. We 
let ZM(G) denote the centre of the measure algebra. 
Let for vr in G, 



so x-K is the character of vr and tp-,^ the normalised character with ipni^) = 1- 



If /U G ZM(G) then it is well-known, and strighforwrd to compute that 




1. Compact groups 



Xtt = Tr7r(-) and ip^ = — x 



If G M(G) we let 





and we then let 



(1.1) 




We note that / ^ / is the Gelfand transform on ZL (G). 
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1.2. Some functorial properties of the centre of the group algebra. 

We recall, as observed in [20l Prop. 1.5], that the map 



(1.2) 



P = Pg:L\G)^ZLHG), Pfis)= [ f{tst-^)dt 

Jg 



is a surjective quotient map. 

Proposition 1.1. ZLi(G)gZL^(G) ^ ZL^(GxG). 

Proof. This follows from the fact that Pg is a surjective quotient map and 
that in the identification L^{G)^L^{G) = L^{GxG), we have that Pg^Pg = 
PgxG- □ 

If is a closed normal subgroup of G, we have a map 

Tn : C{G) ^ C{G/N), T^fisN) = [ f{sn)dn 

JN 

for every sN in G/N . This map extends to a surjective quotient map from 
1^{G) to Li(G/iV) which we again denote Tn- See [23, Thm. 3.5.4]. 

Proposition 1.2. Tn{'L\}{G)) = Zl}{G/N) andTN : 'll}{G) ZL^ {G/N) 
is a surjective quotient map. 

Proof. It is sufficient to verify that 

Tn°Pg = Pg/n°Tn 

since each are surjective quotient maps. For / G C{G) we have for s in G, 
using Weyl's integral formula, that 



TNoPGf{sN)= [ [ f{tsnt-^)dtdn 
JN JG 



N JG 

I f{tn'sn{tn'y^)dn' dtN dn 

N JG/N JN 

f{tn'sn{tn'y^)dn' dn dtN 

G/N JN JN 

TNfitst'^N)dtN = PG/N°TNf{sN). 

I G/N 

Since C{G) is dense in L^(G) we are done. □ 

Corollary 1.3. If N is a closed normal subgroup of G then AM(ZL^(G)) > 
AM(ZL^ (G/iV)). In particular, i/ZL^(G) is amenable, then ZL^(G/iV) is 
amenable. 

Proof. If (fia) C ZL"'^(G)®ZL^(G) is an approximate diagonal for ZL"'^(G), 
then it is a standard fact that (T/v T^ifJ-a)) is an approximate diagonal 
for ZLi(G/iV). □ 
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Let fh : M{GxG) M{G) be given by 

udih{fi) = / u{st)dfi{s,t) for u in C{G). 
G JgxG 

Then ® z^) = /U*z^ and, m is the weak* continuous extension of the 
multiphcation map m : L\G)§L\G) ^ L\GxG) L^{G). 

Proposition 1.4. (i) ZM(G) is weak* dosed in M{G) and ZL^(G) is weak* 
dense in ZM(G). 

(ii) m(ZM(GxG)) = ZM(G) and rh : ZM(GxG) ^ ZM(G) is a /lomo- 
morphism. 

Proof, (i) The product on M(G) is well-known to be weak* continuous in 
each variable. Hence if {^a) is a net contained in ZM(G) with weak* limit 
point n, then for each z/ in M(G) we have 

I'* fx = w*-\im.i'*Ha = w*- lim^Uo,*!/ = z/*// 

a a 

SO /X E ZM(G). The map P : M(G) ^ ZM(G) given by 

udP{fi) =11 u{s^^ts)dfi{t)ds 
G Jg Jg 

for u E is a weak* continuous extension of the map P = Pq in 

()1.2p . Moreover, P is a quotient map onto ZM(G), being the adjoint of the 
injection TjC{G) ^ C{G), where ZC{G) is the convolutive centre of C{G). 
Hence if E ZM(G) and (/q) is a net from L^(G) with w*-limQ, /q = /i, 
then w*-limQ, P{fa) = P{lA = ^• 

(ii) Suppose that ^ E ZM{GxG). Then for any u in C{G) and s in G we 
have 

G Jg Jg 

u{s~^xss~^ys)dfi{x,y) = / u{xy)dfi{x,y) = / udrh{^j) 
GxG JgxG Jg 

so ?fi(//) E ZM(G). Hence m(ZM(GxG)) C ZM(G). Now if /x E ZM(GxG) 
and u E M(GxG) then for u in C(G) we have 

udih{fi*iy) = / u{st)d{fi*i'){s,t) 
JgxG 

/ u{ss'tt')djj.{s,t)dv{s' ,t') 
GxG JgxG 

u{sts't')dii{s,t)dv{s' ,t'), 

GxG JGxG 



since (5(e,s')*Ai*'5(g = /-i for any s' 

„(.,)<;*(M)W<i™M(rf=/«4™(.)™(.)). 

G VG iG 
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Observe that we actually proved that m is a (left) ZM(GxG)-module map. 
Since m{p, ® 6e) = /i, it follows that m(ZM(GxG)) = ZM(G). □ 

1.3. Approximate diagonals for centres of compact group algebras. 

We note that ZTrig(G) = spanjxTr : vr G G} is dense in ZL^(G). To see this, 
we first recall that the set Trig(G) = {iTij : i, j = 1, . . . , (Itt , ir £ G} oi matrix 
coefficients is dense in L^{G). It is easily checked that Pnij = V'tt = d'^x-K 
for each vrjj where P is the map defined in (jl.2p . Then if C Trig(G) 
converges to / in ZL^(G), we have lim„ Pu„ = Pf = f. 

Lemma 1.5. There exists a net (fjs) in ZTrig(G) such that [fp) is a hounded 
approximate identity for (G) . Moreover, if for each j3 we have 

ttGG 

where = except for finitely many elements tt, then for each tt in G we 
have 

lim a^ = dTT. 

P 

Proof. Let [U) be a base of neighbourhoods of the identity in G, each 
invariant for inner automorphisms. Then {eu) = ^y)^[pj^U^ is a central 

approximate identity for L^(G). Since ZTrig(G) is dense in 71} {G) we can 
find for each e > and U as above, fe,u £ 2Trig(G) such that \\fe,u — e-uWi ^ 
e. Then (/^) = {fe,u) is the desired bounded approximate identity. 
Since for each vr in G we have 

13 

CLtt , P 

-I-Xtt = f(S*X7T > Xtt 

dn 

it follows that lim^ = dj^. □ 

We recah from [10, (27.43)] that GxG = {vrxfj : vr, a G G}. 

Theorem 1.6. Let G be a compact group and [fp) he as in Lemma I j.5|, 
above. For each (3 define 

/x^ = Y^^a^rrfx^ ® X. in ZL1(G)§ZL1(G). 

ttSG 

Then {fip) is an approximate diagonal for Zh^{G). Moreover, the following 
are equivalent 

(i) (fifs) is hounded; 

(ii) ZL"'^(G) is amenable; and 

(ill) there is a measure jj, in ZM{GxG) which satisfies 
(1.3) fiiirxa) = Jtt.ct 

where 6, in this context, is the Kronecker symbol. For such fj, we have that 
m{ii) = 6e and (/ CS> 5e)*/^ = lJ-*{Se ® /) for f in ZL^{G). 
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Note that we thus have that ZL^(G) is psuedo- amenable, in the sense 
defined in [5]. 

Proof. It is clear that for each vr in G and each (3 we have x-w'l^p = fJ-p'Xn- 
Since ZTrig(G) is dense in ZL^(G), it follows that /-/x^ = fxp-f for each 
/ in ZL\G) too. Also 

0\2 



7r6G 

SO (m(/x^)) is a bounded approximate identity. Thus (fip) is an approximate 
diagonal for ZL^(G). It is immediate that (i) (ii). 

(ii) (i). If we suppose that ZL^(G) is amenable, it admits a bounded 
approximate diagonal (n'^). We may assume (^^) is weakly Cauchy, i.e. it 
converges to a virtual diagonal M in (ZL^ {G)(2)'ZiL^ {G)y* . With (/^) as in 
the lemma above, let for each /?, = {vr G G : 7^ 0} and Af^ = spanjxTr : 
vr S Ffs}. Then Afs ^ is a finite dimensional ideal in ZL^(G)(8'ZL"^(G) 
which contains fj3^fj3- Then ((/^ ® fi3)*fJ.'.y)^ is a bounded net in 
with limit point /i^. Write 

Then for any vr S F^, using that /*X7r = X-k*/, we have 



lim x,r-/^^l 

7 ' 



(//3 ® 



lim 1^' -Xn 



Xn-fJ^'/S = {ft3 ® //3)* 

and thus 



aeFg 



It follows from the orthogonality relations of the characters that c^^o- = if 
a ^ TT and hence 



— Xtt O Xn- 



Since rn{fj,'p) = m{fp ® /^)*lim^ ^(fJ-'-y) = fp*ff3 we obtain 

C7r,7r 



n€F0 



and thus c^^tt = (o^)^ for each vr in Then for each j3 we have fxp = /i^, 



so 



|/^^|| < ||//3||iSUp||/X^y 



and, since [fp) is bounded, (///j) is bounded too. 
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(i) (iii). Using Proposition 11.11 we identify (^u^) as a bounded net 
M(GxG). It thus has a weak* cluster point /z. We note that is, in fact, 
a limit point. Indeed, Trig(GxG) is uniformly dense in C{GxG), and if 
u G Trig(GxG) it is clear that 




u{s,t)x7r{s)xAt)d{s,t) 



= limy](a^)^ / u{s,t)xn{s)x^{t)d{s,t) =lim{u,Hf3) 

7r6G 

as all sums in the expression are finite. Moreover, the above expression 
must be f(-,^Qu{s,t)dfi{s,t). By Proposition [L4l fJ- G ZM(GxG). By (fTT]) 
we find 

jl{7rxa) = —— / X7r{s)xa{t)dfj.{s,t) = 5t,^„. 
o-K^u JgxG 

Let R : C{GxG) C{G) be the map of restriction to the diagonal: 
Ru{'k) = ?x(7r,7r). Note that for any v in ZM(GxG), (rri(z^)) = Rv. Thus 
we have for any vr in G 

{m{^x)y{^l) = R|l{^^) = 1 = 5e(^) 

so m(/i) = Se- Also, if / G ZL^(G) and vr, cr G G then, (/(K)(5e)""(7rxcr) = /(tt) 
while ((5e (gi /)'"(7rX(T) = /(cr). It follows that 

so it follows that (/ (8) 6e)*fJ' = ^*(<Je ^3 /)• 

(iii) ^ (ii). Let (/„) be any bounded approximate identity in ZL^(GxG). 
We will show that any weak* cluster point M of {n*fa) in ZL^(GxG)** is 
a virtual diagonal. We may assume M is a limit point. First, if / G ZL^(G) 
we have 

f-M = lim(/ (g) 5e)*n*fa = lim/i*(5e ® /)*/« = lira fi*fa*{6e ® /) = M-f. 

a a a 

Second, we note it follows from Proposition 11.41 that (^m{fa)) is a bounded 
approximate identity for ZL^(G). We let E be any weak* cluster point of 
{rn{faj), which we may consider to be a limit point. We then have, again 
by Proposition 11.41 and using m(/i) = 5e, that 

m**{M) = \imm(fj,*fa) = \imm{fj,)*m{fa) = limm{fa) = E. 

a. a a 

It is clear that f-E = E-f = f for / G ZL^{G). Thus M is a virtual diagonal. 

□ 

Note that if G is abelian, then fi is the Haar measure of the anti-diagonal 
subgroup A = {(s, s~^) : s G G}. Indeed, if we denote the latter by Xa then 
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we have for x,ip in G 



JG JG 
and hence ^ = \a- Though the definition of Aa, as above, makes sense for 
any compact group, it forms a central measure only when G is abelian. 

Suppose dc = sup^gg d-,^ < oo. Then for u, v in Trig(G) we use the 
Cauchy-Schwarz inequality and Bessel's inequlity on the ortho-normal set 
{Xtt : vr G G} to see that for the approximite diagonal (^U/j) in the theorem 
above we have 

"^dl u{s)xn{s)ds- / v{t)xn{t)dt 

J G J G 

ttGG 

< d% Hulls ||?^||2 < 4 Iklloo Halloo- 

Since Trig(G) is dense in C(G), it follows that [fip) converges to a bimeasure 
in the terminology of [7], i.e. an element fi of (C(G)®C(G))*. Conjecture 
nm if true, would further imply that £ M{GxG). 



lim / u{s)v{t)^p{s,t)dsdt 
P JgxG 



1.4. Connected groups. 

Theorem 1.7. If G is a non- abelian connected compact group, then ZL\G) 
is not amenable. 

Proof. There is a family of compact connected Lie groups, at least 

one of which is simple (in the sense of Lie groups) with finite centre, such 
that 



where ^ is a central subgroup of P = Hie/ Gi. See [22l 6.5.6], for example. 
Hence G admits, as a quotient 

Y[Gi/Z{Gi) ^ P/Z{P) ^ {P/A)/{Z{P)/A). 

Let io be so Gjg is simple with finite centre. Then GiQ/Z{Gii^) is simple with 
trivial centre. Hence there is a closed normal subgroup N G such that 
G/N is a simple Lie group with trivial centre. By \2A\ Lem. 9.1] we obtain 
"Condition F' on G/N, which is the property that 

lim ij^isN) = for sN G G/N \ {eN}. 

Hence, there is a sequence {vr^jj^^ C G such that 

(1.4) i'nis) = 1 for s in iV and lim ipnis) = for s £ G\N 
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where ipn = V'7r„ • Indeed, choose any sequence of representations {vf^jj^i C 

G/N where hm^^oo = oo, and let 7r„ = Tf^og where q : G ^ G/N is the 
quotient map. 

If it were the case that ZL^(G) were amenable, then we would obtain 
in ZM(GxG) as in ()1.3I) . Let us see that the existence of such /i gives a 

contradiction. Let N and {^pn) be as in (II. 4p . Define two sequences (un) 

and (f„,) of functions on GxG by 

Un = Ipn Ipn and Vn = Ipn'^ V'n+1- 

Then and {vn) are bounded sequences with 



lim Un{s,t) = lim w„(s,t) 



1 if e iVxiV 
if {s,t)^NxN. 

Hence it follows from the Lebesgue dominted convergence theorem that 
(1.5) lim / Undfi = fi{NxN) = lim / Vndfj,. 

However, by (|1.3p we have that 

/ n„d/i = /i(7f„X7f„) = 1 while / Vndfl = fl{TtnXTtn+l) = 
JgxG JgxG 

which contradicts (11.51). □ 



1.5. Products of finite groups. Let G be a finite group. We will treat G 
as a compact group so we have normalised Haar integral: /c / = SseG /(^) 
Then it is well known that 

(1.6) ZL^(G) = span{x^ : tt E G} 

Moreover, if we let for any x in G, Cx = {sxs~^ : s G G} denote the 
conjugacy class, and Conj(G) = {G^, : x G G}, then since elements of 
ZL^(G) are constant on conjugacy classes we have 

(1.7) ZL1(G) = span{lc : G G Conj(G)} 

where Ic is the indicator function of G. We will let /(G) = f{x) where 
G = G,, for / G ZLHG). 

Theorem 1.8. If G is a finite group, then ZL^{G) has unique diagonal and 
we have 



AM(ZLi(G)) = ^ 

' ' C,C"GConj(G) 



Proof. That 



\C\\C'\. 



ttGG 
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is the unique diagonal for ZL^(G) follows from the proof of Theorem 11.61 
However, using the relations x-k*Xcf = ^T^.ad^^X-K for ^)<7 iii G, that /i is 
a diagonal is easily verified manually using (11. 6p . The uniqueness of the 
diagonal in any amenable finite dimensonal commutative algebra has been 
observed in [BJ Prop. 0.2]. 

If C G Conj(G) with C = C^, we let C = C^-i. The operation C 
is an involution on Conj(G). If vr G G then x-k{C) = XiviC). We appeal to 
(|1.7p to obtain 



Y^dli E X.(C)lcU( E X.{C')l 

^gg \CeConj(G) / Vc'GConj(G) 

^gg \CGConj{G) 



c \ ^ \ E X^(C')lc' 

C'GConj(G) 



= E \Y.dlxAC)xAC')\ic®ic'. 

C,C'GConj{G) \^6G / 

We then compute AM{7Aj^{G)) = \\^\\^ to finish. 



□ 



Corollary 1.9. If G is a non-abelian finite group, then AM(ZL1(G)) > 1. 
Proof. Letting C" = C we obtain lower bound 

AM(ZLi(G)) > 1^ E E dl\xAC)m' 



GeConj(G) ^gG 



' ' ^6G GeConj(G) ' ' 

Since G is nonabelian we have |C| > 1 for some conjugacy class C. Moreover, 
there is some vr so Xw{C) ^ 0. Thus we find 



AM(ZLi(G))>^E^' E 

' ' ^gG GGConj(G) 



1 ,2 II ||2 _ 1 

1(^1 Z-,- \\Xtt\\2 — ^ 

ttGG 



since HxttL = 1 and E^gg = 1^1- 



□ 



Let us take a second look at the proof of the above corollary. The Schur 
orthogonality relations tell us that the GxConj(G) matrix 



U 



\C\ 



1/2 
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is unitary. Letting C = C we obtain lower bound 

AM(ZLi(G)) > 1^ E E dl\xAC)\'^-^AC\ 

= ^||diagK)C/diag(|C|i/2) ' 

|Gr| II 2 

where ||-||2 denotes the Hilbert-Schmidt norm. Is it possible to get a lower 
estimate in terms of max^gg d^r ? If so, Conjecture 10.11 may be shown to 
hold for compact totally disconnected groups which do not admit an open 
abelian subgroup. 

Theorem 1.10. If G = HSi where each Gi is a nonabelian finite group, 
then ZL^(G) is not amenable. 

Proof. For each i, the diagonal for ZL^(Gj) promised by Theorem 11.81 is 
an idempotent in ZL^(GxG). Hence by [24^ Thm. 5.3], there is a constant 
(5 > - in fact (5 > 1/700 - for which 

kM{Zl}{Gi)) > 1 + 5 

for each i. Since G admits, for each n, = HILi ^ quotient, we 

have that 

n 

KM{Zl}{G)) > AM(ZL1(G(„))) = JJaM(ZL1(G,)) > (l + 5f . 

i=l 

Hence we have that AM(ZL^(G)) = oo and ZL"'^(G) is not amenable. □ 

1.6. An amenable example. The following example further illustrates 
Conjecture 10. 1[ 

Let G = T tx Z2 where T = {s G C : |s| = 1} and Z2 = {-1, 1}. The 
group law and inverse are given by 

{s,a){t,b) = {st°-,ab) and (s,o)~^ = {s~°-,a) 

for {s,a),{t,b) in G. An application of the "Mackey machine", see ^ Sec. 
6.6] for example, gives us G = {1, cr, 7r„ : n E N} where 



"s" ■ 




"0 1" 







1 



l(s, o) = 1, a{s, a) = a and 7r„(s, a) 

for (s,a) in G. It follows that we have normalised characters 1,cj and 

'^(s'^ + s-") ifa = l 



ifa = -l 



for (s, a) in G. We note that all of the calculations thus far, and hence the 
next proposition, also hold if T is replaced by any compact abelian group 
T admiting only 1 as a real character, i.e. for x iu T, ^ = x implies x = 1- 
For sake of concreteness, we will continue with T = T. 
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Theorem 1.11. For G = T k Z2, ZL^{G) is amenable. 

Proof. Let //=l(gil + cr(g)cr — 2(1 + a) ^ {1 +a) + u, where u = Xd + Xa, 
the sum of the Haar measures on the subgroups of GxG given hy D = 
{((t, l),(t, 1)) : t G T} and ^ = { ((t, 1), (t-\ 1)) : t G T}, each normalised 
to have total mass 1. We note that i' G ZM(G) since for (s, a) in G we have 

<^({s,a),(^,b))*^^*'^((s-^a),{t-^6)) 

='5{(l,a),(l,b))*'5((s°,l),{t6,l))*^*'^({s-",l),(t-6,l))*^((l,a),(l,6)) = ^■ 

Thus /i G ZM(G). Now for vr, p in G we have 



GxG 



{1(g) 1 + a (g> a - 2{1 + a) (g) {1 + a)) -^^ (g ipp 

+ / (V'^(s,l)V'p(s,l) +V'^(s,l)V'p(s"\l))c^s 
= (1) + (2) 



where 



(1) 



and 



f-1 if (^,p) = (l,l),(a,^7) 
-2 if (7r,p) = (l,(T),(a,l) 
if (7r,p) = (l,7r„), (7r„, 1), (o-,7r„), (7r„,cr) 
{lTn,TTm), n, m G N 

'2 if (^,p) = (l,l),(a,cT),(l,a),((T,l) 
1 if (7r,p) = (7r„,7r„), n G N 
if (7r,p) = (l,7r„), (7r„, 1), (cT,7r„), (7r„,a) 
(TTn, vTm), n / m, n, m G N 



(2) = 2 /" V',(s,l)Vp(s,l)d6 



Thus it follows that fj, satisfies ()1.3p . 

We remark that the measure /i corresponds to the (formal) Fourier series 



1 (g) 1 + 0- (g) o- - 2(1 + a) (1 + fj) + 4 



^ 00 

-(1 + d) (1 + a) + X7r„ ® 



n=l 



as suggested by Theorem 11.61 The coefficient 4, in the second term, is 
l/A(G(i 1) xG(i 1)), where G(i i) = T is the connected component of the 
identity in G. The second term corresponds to the Fourier series for Xa + Xd 
on TxT, as may be revealed by a simple computation which we leave to the 
reader. □ 

Let us make a few observations about G = T x Z2. First we compute, for 
s in T and (t, b) in G 

{t, b){s, l)(^-^ b) = {s\ 1) and {t, b){s, -l)(^-^ b) = {t's\ -1). 

Hence we deduce that 

Conj(G) = {{(1, 1)}, {(-1, 1)}, {(5, 1), is-' , l)}im.>o, } 
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where G(i _i) is the connected component of (1, —1). Moreover we compute 
commutators 

[{t,b),{s,a)] = (^,6)(5,a)(^-^6)(s-^a) = 

Letting a = 1,6 = —1 and s,t be arbitrary in T we find, in the notation 
of Section 12.21 that G' = [G, Go] = G(i i). In particular, notice that the 
assumptions of Theorem 12.21 below, are not necessary for ZLi(G) to be 
amenable. 

Let us close by noting the following decomposition 

ZL\T k Z2) = Zz.,L\T) e C(l - a) 

where Zz^L^iT) = {/ G L^{T) : / = /}, f{s) = f{s~^). We note that both 
of the components of this decomposition are closed subalgebras, but neither 
is an ideal. Hence it is not apparent that Zz^^^C^) is amenable. We show 
this fact in the next section. 

1.7. The hypergroup approach. We indicate, by way of two examples, 
how the problem of amenability for ZL^(G) can be treated by using hyper- 
groups. We refer to [3j for the definintion of a hypergroup K and its left 
Haar measure Xk, or to [12], where a hypergroup is referred to as a "con- 
vos". If G is a compact group, then K = Conj(G) is a hypergroup [12, 8.4]. 
Since K is compact and commutative, it admits a Haar measure. Moreover 
we have ZL^(G) = h^{K), where L^{K) is the hypergroup algebra. Such K 
is a strong hypergroup in the sense that its character set K is a (discrete) 
hypergroup under pointwise multiplication. In fact K identifies naturally 

with {V'Trl^gg. 

We first consider G = SU(2). By ^ 15.4], Conj(SU(2)) identifies nat- 
urally with a hypergroup whose underlying set is K = [—1,1]. We will 
not explicitly need the convolution formula on K, but we will require the 
formula for the Haar measure 

(1.8) / fdXK = - f f{x){l-x'^y/^dx = - [ f{cose)sm'^9de 
JK J_i vr Jq 

where dx, dO each denote integration with respect to Lebesgue measure, and 
the (non-normalised) characters are given by 

{Xk]k=Q where Xfc(cos6') = — . 

smt^ 

Note that Xk is, up to identification, the character of the unique represen- 
tation of SU(2) of dimension k + 1. 

Theorem 1.12. ZL"'^(SU(2)) is not amenable. 

Proof. We first note that by Lemma 11.51 there is a bounded approximate 
identity for V-{K), (e„) C Trig(i^) = spanjV'fc : A; G No} where No = {0}UN. 
This bounded approximate identity may be taken to be a sequence, (e^). 
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and we have for each n, e„ = X^fclo where a[."^ = for all but finitely 

many indices k. We obtain, again from Lemma 11.51 that 



(1.9) 



lim a 



(n) 



k + l 



Now let /i„ = X]fcLo(^i"^)^/tfc ® Xk: so {nn)'^=i is the approximate identity 
from Theorem 11.61 and we are done once we establish is not bounded. 
The using the fact that L^{K)^L^{K) ^ L^{KxK) and ([TH]) we have 



TT 



.„(cos 0, COS e')\ sin^ sin^ e'dOdO' 



> 



> 



JO 

tt/2 pTT/2 







(„) 2 sin(A; + 1)61 sin(A; + 1)6^' 



k=0 
tt/2 pTT/2 °° 



smf 



smf 



sin^^sin^ 9'ded9' 



/ / Tsin(A: + l)0sin(A; + l)0' sin 9 sin 9 d9d9 

Jo Jo 



E(4: 



W\2 



fc=0 



fc=0 
oo 

fc=0 

oo 

E 

fc=0 







(")\2 



sm{k + l)9sm9d9 

■k/2 



'ai'\k + l) . kTT 

— sm — 

k{k + 2) 2 



cos k9 -cos{k + 2)9)d9j 

' ag)_,(2j + 2) 



E 

i=o 



(2j + l)(2j + 3) 



Let /„ 



(2j+l)(2i+3) 



. If (/x„) is bounded, then (/„) is bounded in 



j=0 



^^(Nq), in which cases the latter sequence has a cluster point /. We have, 
by ()1.9p . that /(j) = (^2j+i)'(2j+3) ' '^^lich means that / cannot be an element 
of £^(No). Thus (fin) niust not be bounded. □ 

Let us now turn out attention to Z^jL^'^CT), from the last section. We let 



V'o = + ^) V'n = ipTTr, for n G N. 

Then the family of all Z2-invariant characters of Z22L^(T) is ^i^^C^) — 
{ipn}neNo- Observe, under pointwise multiplication, that Xz2{T) satisfies 
the same multiplication rules as the cosine functions {cos(m-)}mGNo) and 
hence is isomorphic to the Chebychev polynomial hypergroup of the first 
kind [3]. 

There is a commuative hypergroup K = [—1,1], which is isomorphic to 
the double conjugacy class hypergroup T//Z2, such that Zz2^^{'^) — ^^{K). 
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The Haar measure on K is given by 

1 /w 



zdx 



1 r 



f {cos e)d9 



and the characters, in the present identification, are given by ipnicosO) 
cos nO for n in Nq- 

Theorem 1.13. Zz^L^iT) is amenable. 



Proof. We let Kn : [0, vr] — > R- for n G Nq denote the well-known Fejer 
kernel (see [iHl 2.5], for example), so 



A;=0 
2fe 



2k 

n + 1 



ipk" cos . 



Then let ^„ = X]fc=o ~ n+i) '^k ^ i^k- We have that (fin) is an approxi- 
mate diagonal by Theorem 11.61 Moreover, (^„) is bounded since 



d9de' 



||^„||i = ^ / / ( 1 cos kO cos k9' 

Jo Jo ^ V n + 1 J 

= ^^[[ 1 1 (l - (- + ^0 + cos ki9 - 9')) 

= ^ £ J^i^^^^ + + ^"(^ - ^'))d9d9' = 1. 
Thus Zz2Li(T) ^ Li(i^) is amenable. 



d9d9' 



□ 



2. Some non-compact groups 

2.1. Preliminaries and Notation. If G is a locally compact group, then 
ZL^(G) 7^ {0} if and only if G has a relatively compact neigbourhood which 
is invariant under inner automorphisms, i.e. G is an [/A^]-group; see [21^ 
Prop. 1]. In fact, it is shown in |18^ Cor. 1.5] that ZL^(G) is related to 
certain centers of [-F/ A] ^-groups, which we define below. 

Let Aut(G) denote the space of continuous automorphism of G which 
can be endowed with a Hausdorff topology [H (26.5)]. We let Inn(G) = 
{s t-^ tst~^ : t S G} denote the group of inner automorphisms in Aut(G). 
We say G has relatively compact inner automorphisms if Inn(G) is realtively 
compact in Aut(G). More generally, if there is a relatively compact subgroup 
B of Aut(G) such that B D Inn(G) we say G is of class [FIA]^. We let for 
P in B and / in L^(G), f°(5{s) = f{(3{s)) for almost every s in G. We then 
let 

ZbL^G) = {/ G L\G) ■.fo(3 = f for all (5mB}. 

This is a subalgebra of ZL^(G). The result |18l Cor. 1.5], to which we al- 
luded, above, is that for an [IA^]-group G, there is open normal subgroup Go 
of G generated by all elements with relatively compact conjugacy classes, and 
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a closed normal subgroup of Go, N, which is the intersection if all Inn(G)|Go- 
invariant neighbourhoods of e, so that group B = {sN t^^stN : t G Go} 
is relatively comapct in Aut{H) where H = Gq/N, and 

(2.1) ZL\G) ^ZbL\H). 

We let A'b(G) denote the Gelfand spectrum of ZbL^{G), and let X{G) = 
^inn{G)i^)- The identification ()2.ip gives a natural identification A'(G) = 
Xb{H). It follows from [201 4.12] (see [IH 4.2]) that Xb{G) may be identified 
with a certain family of continuous positive definite functions on G. 

We record the following important structural result, which will be key to 
many of the results which follow. It summarises results from [181 Prop. 2.3] 
and [21\ Lem. 1]. See the summary presented in |26| . 

Lemma 2.1. Let G be an [F I A]^- group and suppose there exists a compact 
B-invariant subgroup K such that each "(3 -commutator" s~^(3{s) £ K, where 
fi in B and s in G (thus G/K is abelian). Define an equivence relation on 
^BiG) by 

^ ^ x\k = ^\k- 
Let [x] denote the equivalence class of x- Then 

(i) there is a family of ideals {J{x) ■ [x] £ '^b{G)/ ~} such that 

J(X) n J(a;) = {0} ifx^^, '^bI^' {G) = J(x) 

and each J(x) 'is isomorphic to L-^(G(x)), where G(x) is an abelian 
group, isomorphic to a quotient of an open subgroup of G by K ; and 

(ii) {x\k '■ [x\ £ '^b{G)/ ~} is an orthogonal family in \J'{K). 

Note that for such a compact subgroup as K to exist, it is necessary 
and sufficient that the closed subgroup generated by B-commutators be 
compact. In this case G is said to be an [FD\^-group. Note that if G is 
compact we may take K = G and we obtain, for each vr G G = X{G), 
Jix.) = Cxn = -L\G/G). 

2.2. Some amenable centres. If A, B are any pair of subgroups of G, we 
let [A, B] denote the closed subgroup generated by commutators {aba^^b^^ : 
a E A,b £ B}. The derived subgroup is given by G' = [G, G]. 

The following result is a generalisation of [26^ Thm. 1]. We recall that if 
G is an [lA^] -group, then the subgroup Go, of all elements with relatively 
compact conjugacy classes is an open normal subgroup. 

Theorem 2.2. If[G,Go] is finite, then Zh^{G) is amenable. 

Proof. We may suppose that ZL^(G) ^ {0}, so G has an invariant neigh- 
bourhood. Let B and H = Gq/N be as in and K = [G,Go]/N. 
Then it is straighforward to check that K is i?-invariant and that it is 
generated by S-commutators. Since K is finite, the orthogonality rela- 
tions given in Lemma 12.11 (ii) imply that there are only finitely many ideals 
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Uix) ■ [x] e Xb{G)/ ~}. It then follows from Lemma O (i), [13^ Prop. 
5.2], and the fact that each L^{G{x)) is amenable, that ZL^(G) = ZbI^^{H) 
is amenable. □ 

Observe that condition of the theorem above holds when G' is finite. It 
also holds when Gq = {e}, in which case G is called an infinite conjugacy 
class group. 

2.3. Some hyper- Tauberian centres. We direct the reader to Section 
10.21 for the definition and consequences of the hyper- Tauberian property. 

Proposition 2.3. Suppose G, B and K are as in the hypotheses of Lemma 
\2.1[ Then ZbL"'^(G') is hyper- Tauberian. 

Proof. By Lemma 12.11 (i) we may write 

ZbL' (G) = Jix) = Li(G(x)). 

Hence it follows from [25, Cor. 13] that Zb^^{G) is hyper- Tauberian. □ 

We say that G is an [FG]~-group if each conjugacy class in G is relatively 
compact. In the notation of Section [2.11 this is the same as having G = Gq. 

Theorem 2.4. If G is an [FG]^ -group, then Zh^{G) is hyper- Tauberian. 

Proof. In the notation of (j2.ip we have that H = G/N and B = lnn{H). 
Thus ZL^(G) = ZL^{H), and we may assume G, itself, is an [F/ A] "-group. 

If G is compactly generated, then ^ (3.20)] gaurantees that the derived 
group = G' is compact. Hence we can apply Proposition 12.31 ai^d we are 
done. 

If G is not compactly generated, we must localise our argument to a 
compactly generated subgroup. We first wish to see that ZCc(G), the space 
of all of compactly supported continuous elements of ZL^(G), is dense in 
ZL^(G). We note that P : L^(G) ZL^(G), given for almost every s in G 
by Pf{s) = /inn(G) defines a surjective quotient map. Hence 

if / e ZL-'^(G) and C Cc(G) is a sequence with lim„n„ = /, then 

lim„ Pun = Pf = f. 

Now let T : ZL^(G) — > ZL"'^(G)* be a local operator. To see that T is a 
ZLi(G)-module map, it suffices to show that 

(2.2) {T{u*v),w) = {u*T{v),w) 

for any u,v,w in ZCc(G). The set U = {s £ G : \u{s)\ + \v{s)\ + \w{s)\ > 0} is 
Inn(G)-invariant, open and relativley compact. Hence U generates a normal 
open subgroup F of G. We let B = Inn(G)|i? and note that F is an [FIA]'^- 
group. 

We have that the closed subgroup K generated by S-commutators in 
F is compact. This is noted in ^Hl, though does follow obviously from 
[HI (3.20)]. Let us show how this can be proved from [8]. It is shown in 
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[HI (3.16)] that G' consists of periodic elements, elements which individually 
generate relatively compact subgroups of G. Hence K = [F, G] C G' consists 
of periodic elements. Since F is compactly generated and an [F/yl]^-group, 
it is clear that K is compactly generated. Then by [8jj (3.17)], K is compact. 

Clearly K is ^-invariant. Thus ZbL^(F) is hyper- Tauberian by Proposi- 
tion [2]3j We note that ZbL^(F) is the closed subalgebra of all elements of 
ZL^(G) which vanish almost everywhere off of F. Moreover, the mapping 
X ^ xIzbLI(F) maps '^{G) continuously onto A'b(F), by [181 Prop. 2.9]. 
Let L : ZbL^{F) ZL^G) be the injection map, so t*oroi : ZbL^{F) 
Zb^^{F)* is a local map. Then i*oToi is a ZBL^(F)-module map. Since 
'u,t;,'u; G ZbL1(F), we see that ([221) holds. □ 

We note that there are non-[FG] "-groups for which the above result fails. 
Let n > 3 and Gn = M" >< SO{n)d, the semi-direct product of with 
the discrete special orthogonal group. We have for odd n that ZL^(G„) = 
Zso(„)Li(M"); for n = 3 this was observed in [18, p. 162]. (Note that 
for even n we have Z(SO(n)) = {1,-1} = Z2 and we have ZL^(G„) = 
Zgo(n)LHlK" X ^2)-) It is proved in [231 Prop. 2.6.8] (see also [li Thm. 
5.5]) that for n > 3, Zgo(n)L^(M") admits non-zero point derivations. Hence 
this algebra cannot even be weakly amenable, neverless hyper- Tauberian, 
as noted in Theorem 10. 2[ Moreover, for n > 3, it is shown |231 2.6.10] that 
except for the augmentation character, no singleton in A'so(n)(I^") is a set 
of spectral synthesis. 
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